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Variables within the global oceans can reveal the impacts of a warming
climate, as the oceans absorb huge amounts of solar energy. Understanding
the joint spatial distribution of key ocean variables is, therefore, essential. In
this paper we investigate the spatial dependence structure between ocean tem-
perature and salinity using Argo observations and construct a bivariate spa-
tial model covering from the surface through the ocean interior. We develop
a flexible class of multivariate nonstationary covariance models defined in
three-dimensional (3D) space (longitude x latitude x depth) that allow the
variances and correlations to vary with depth, capturing the ocean’s verti-
cal structure. These models describe the joint spatial distribution of the two
variables while incorporating the underlying vertical structure of the ocean.
We apply this framework to Argo temperature and salinity data and address
the computational challenges of large data volumes through the Vecchia ap-
proximation. Our results show that the proposed bivariate covariance model
effectively represents the complex vertical cross-covariance structure of the
processes and their first- and second-order differences, whereas classical bi-
variate models, including the bivariate Matérn, poorly fit the empirical cross-
covariance structure.

1. Introduction. The international program named Array for Real-time Geostrophic
Oceanography (ARGO) was launched in the early 2000s in response to the need for a global
ocean observing system (Wong et al. (2020), Johnson et al. (2022)). Since then, the program
has deployed a worldwide network of 4000 free-drifting profiling floats that sample the up-
per 2000 meters of the oceans. Each float completes a 10-day “park-and-profile” mission: it
descends from the surface to a drift depth of 1000 meters, parks there for nine days, then
descends to 2000 meters and measures temperature (°C), salinity (in practical salinity unit
or PSU), and pressure (in decibar or dbar) while it ascends to the surface. Upon surfacing,
the float transmits the collected data via satellite. The full cycle is shown in Figure 1. All
measurements are made available within 24 hours as Argo data products (https://argo.ucsd.
edu), providing both opportunities and challenges for analyzing ocean processes.

The core Argo data products are temperature and salinity—the two fundamental vari-
ables from which many other oceanographic variables can be derived, including freezing
point, electrical conductivity, and viscosity (Pawlowicz (2013)), ocean heat content and po-
tential density (Yarger, Stoev and Hsing (2022)), and tropical cyclone-induced ocean ther-
mal response (Hu et al. (2024)). Temperature and salinity are central to understanding the
oceans’ physical properties and dynamics: their distributions influence ocean circulation
(Chen, Zhang and Gao (2022), Gangopadhyay (2022)), shape climate processes (Olson et
al. (2022)), and alter biogeochemistry (Galan et al. (2021), Ding et al. (2022)). They also
support diverse applications, including hydroacoustics (Jana et al. (2022)), offshore wind
farm design (Escobar et al. (2016)), and assessments of environmental stressors in marine
and freshwater systems (Walker et al. (2020)).
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FI1G. 1. Standard Argo “park-and-profile” mission (Source: Wong et al. (2020)).

In most studies, including those noted above, Argo temperature and salinity are modeled
separately. Here we jointly model them to account for spatial cross-correlation. The proposed
bivariate model in 3D space offers sufficient expressiveness across depth to capture complex
oceanographic structures. Because ocean density varies continuously with depth, the wa-
ter column becomes vertically stratified, reflecting the mixing of distinct water masses—for
example, cold, fresh subarctic waters and warm, salty subtropical waters (Sambe and Suga
(2022)). Since temperature and salinity characterize these water masses, stratification directly
shapes their spatial distributions. Bivariate spatial models that incorporate vertical structure
can therefore provide a more faithful representation of the underlying processes.

1.1. Spatial covariance models in 2D and 3D space. Spatial variation—and in particular
the cross-correlation between Argo temperature and salinity—exhibits complex structure,
both horizontally and vertically. Figure 2 shows the empirical colocated correlation between
the two variables across latitude and depth at two longitudinal levels. Here we use temperature
and salinity residuals from Yarger, Stoev and Hsing (2022); see Section 2.1 for more details
on the residuals. The correlation of the residuals of the two variables spans nearly the full
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FI1G. 2. Empirical colocated correlation of temperature and salinity residuals from January to March in 2016.
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range (—1, 1), with vertical patterns that differ markedly by latitude and longitude. These
features highlight the need for flexible cross-covariance functions developed in 3D space
capable of capturing the pronounced nonstationarity along the depth dimension.

Traditionally, spatial domains are modeled in two dimensions, and the literature provides
a wide range of 2D cross-covariance functions. Among the most widely used is the parsi-
monious Matérn cross-covariance function of Gneiting, Kleiber and Schlather (2010), which
forms the basis for many subsequent developments. Its general form is

pp—

(1 cl;,-(sl,sz>=%MW,-{Msl,sz)}, ij=1....q.
where h(si, s») is a distance function on R?, M, (x) = x"KC, (x), K, is the modified Bessel
function of the second kind, I is the gamma function, and g is the number of variables. The
model includes marginal variance (ai2 > 0) and smoothness (v;; > 0) parameters for i = j,
and colocated correlation (p;;) and cross-smoothness (v;; > 0) parameters for i # j, where

Vij = %(V,’i +v;;) and
Fi + 92Ty + 9 Ty
Cwip2  TEp'? T +%)
for any oiz, vii > 0, d € N. Here (B; j);{ =1 is a symmetric and positive definite correlation
matrix.

Certain choices of the distance functions /(s1, s) may render the parsimonious Matérn
cross-covariance nonpositive definite. For 3D spatial processes, a suitable distance is

(3) h(Ly, Ly, 1y — b, p1 — p2) =agch*(Ly, Lo, I} — ) +aj(p1 — p2)?,

where ay and ay are horizontal and vertical scale parameters, respectively. Horizontal sepa-
ration is measured by the chordal distance between latitude—longitude pairs,

(2) pij = Bij

Li—L I} — I\ 1/?
4) ch(Ll,Lz,ll—lz):2R{sin2<sz)+cosLlcosL2sin2(sz>} ,

and vertical separation is measured as the Euclidean distance in depth. Here R is Earth’s
radius, taken as 6371 km. For completeness we note that chordal distances are often used
to extend valid covariance functions from flat to spherical domains (Jun and Stein (2007)).
Further developments for spherical settings include Alegria (2020) and Cao et al. (2024); see
Jeong, Jun and Genton (2017) for a comprehensive review of covariance models on spheres.

Even if one can define a covariance model in 3D with the distance as defined in (3), the
Matérn cross-covariance function in (1) remains stationary: the variances ol.z, colocated cor-
relations p;j, and scale parameters a, and ay are constant in space. To relax this assumption
in 2D, Kleiber and Nychka (2012) proposed a nonstationary extension, allowing variances
and scales to vary spatially,

0i(s1)0(s2)
&) Cijs1,82) =pij——— 775
SRR pJ|Dij(SlaSZ)|l/2

where D;; (sq, 52) = %{Di (s1) +Dj(s2)} is a d x d positive definite kernel matrix that con-
trols spatially varying anisotropy, for i, j =1, ..., g. Despite this innovation, extending the
Matérn model to include nonstationary colocated correlations p;;(s) remains challenging.

One proposed remedy is to replace the constants o*l-2 and B;; with kernel-smoothed nonpara-
metric estimators (Kleiber and Nychka (2012)),

_ Z§eﬁ K0, (s, §)Zl2(§)
deﬁ K)‘ha)hv (S’ §)
> se Ko 51,8) 2K, 5, (82,82 Zi($)Z; ()
&i (51)6] (SZ){ZSGﬁ K)‘h Ay (Sl ’ §)}1/2{Z§€ﬁ K}\,h,)\,v (SZv g)}l/z ’

ij {((Sl - SZ)TDU (s1, 52)71 (s1— SZ))I/Z}’

52(s) and

(6)

Bij(s1,2) =




3D BIVARIATE SPATIAL MODELLING OF ARGO 1127

where K, ;,(s,8) = exp[—{chz(Ll, Lo, ly — D)/ p+ (p1 — pz)z/kv}] is a nonnegative ker-
nel with horizontal and vertical bandwidths Aj; and X, respectively, and Z; (s) is the observed
residual field. However, this approach does not guarantee that the resulting cross-covariance
matrix is positive definite; this must be enforced post hoc by adjusting negative eigenval-
ues. Kleiber and Genton (2013) developed sufficient conditions for positive definiteness re-
garding B;;(s1, s2), but their approach requires a nugget effect and covariate regression. In
contrast, we develop flexible parametric cross-covariance models in 3D using differential op-
erators, with nonstationarity introduced primarily along the depth dimension through basis
expansions. The proposed models retain closed-form expressions, enabling straightforward
likelihood-based inference without requiring covariates (which may not always be available).
As shown in our real-data application, these models capture not only the dependence in the
original processes but also in their differenced versions, which has important implications for
parameter estimation and Kriging (Stein (1999)). The rest of the paper is structured as fol-
lows: Section 2 describes the data and presents various empirical results, along with a review
of differential operator methods. Section 3 introduces the 3D bivariate spatial models and
discusses computational aspects. Section 4 reports model fitting, prediction, and diagnostics.
Section 5 concludes the paper.

2. Background. We first review several spatial methods applied to Argo data, followed
by a brief overview of differential operator approaches in 2D that motivate our proposed 3D
model.

2.1. Spatial interpolation of Argo data. Spatially continuous maps of temperature and
salinity measurements are essential to multidisciplinary scientific research. However, despite
the planetary scale and subsurface reach of the Argo profiling network, not all locations
are sampled. Since other ocean variables depend heavily on temperature and salinity, efforts
are focused on obtaining the best interpolated maps of these two variables. Several institu-
tions have produced high-resolution, gridded global temperature and salinity datasets from
the sparse measurements recorded by the Argo floats using various interpolation techniques
(Liu et al. (2020a)). Examples include the EN4 dataset from the U.K. Met Office (Good,
Martin and Rayner (2013)), the Monthly Objective Analysis using Argo data (MOAA) from
JAMSTEC (Hosoda, Ohira and Nakamura (2008)), and the BOA-Argo dataset, which applies
objective interpolation via the Barnes successive correction method (Li et al. (2017)).

One widely used Argo product is the Roemmich—Gilson Argo climatology from the
Scripps Institution of Oceanography (Roemmich and Gilson (2009)), which employs
weighted local regression. Let s = (L, [, p) denote spatial location, where L is latitude, / is
longitude, and p is pressure (commonly treated as depth in the upper ocean). Let ¢ denote time
in yeardays (days since January 1 of a given year). For a reference location so = (Lo, lo, po) ',
Roemmich and Gilson (2009) fit the mean function,

fisy (8, 1) = Bo + B1(L — Lo) + Pal — lp) + B3(L — L) + Ba(l — Ip)*
(7 + Bs(p — po)

t

6 6
2 ~ !
B 2k 8¢ cos( 27k :
+ Be(p — po) +I;Vksm( T 36525)—'_/; kCOS( T 365.25)

using observations from the nearest horizontal neighbors, pressure levels and each of the
12 calendar months, drawn from the entire Argo record. Here, By and B, ¥k, and 8¢, k =
1,...,6, are scalar coefficients. The residuals were modeled using the spatial covariance
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function,
hrg (L1, Lo 11, 1) )2
C(L],Lz;ll,lz)o<0.77exp[—{ Ro(L1, Lol 2)”
- 140 km
hRG(Ll,Lz;ll,lz)}
0.23 exp] — ,
+ eXp{ 1111 km

where the distance

hra(Ly, Lo 1y, 1) = \/(Ll — L2)? + (I1 — ) +penalty(L1, Lo; 11, 1p)?

includes a penalty to reduce correlation across strong physical boundaries. Kuusela and Stein
(2018) improved the residual modelling with an anisotropic space-time exponential covari-
ance function

) C(Ly, Las 1, oy 1, 1) = o2 exp{—hks (L1, La; 1, 1 11, 1)},

L1 — Ly\? I} —h\? t —t\?
th(Ll,Lz;ll,lz;ll,lz)=\/( ) +< ) +( ) ,
Glat elon 9;

and By, Bion, O; > 0 are range parameters.

Most studies discretize the vertical domain into fixed pressure levels and interpolate each
layer independently, which requires preprocessing irregular profile data and can introduce
systematic error (Kuusela and Stein (2018), Hu et al. (2024)). To avoid this, Yarger, Stoev
and Hsing (2022) treated Argo profiles as functions of pressure and modeled the local mean
as

where

2016
MLo,l(),lo(Lv lv z, Y, p) = Z ﬂo,j}(p)]l(y = 5)) + (L - LO)IBI (p) + (l - lO)ﬁZ(p)
$=2007
(10) + (L — Lo)?*B3(p) + (Il — 10)*Ba(p) + (L — Lo)(I — o) B5(p)

+ (t — 10)Bo(p) + (t — 10)*B1(p),

where 1(-) is an indicator function and By 5(p) and B (p) are smooth functions of pressure.
This functional approach reduces prediction error and avoids gridding artifacts; the resulting
residuals were analyzed via functional principal components.

In our work we focus on modelling the spatial dependence between the temperature and
salinity residuals produced by this functional mean model. This enables a clearer character-
ization of their vertical covariability and supports improved prediction at unsampled loca-
tions. Figures 3 and 4 show temperature and salinity residuals at the surface for January-
March 2016. Following Yarger, Stoev and Hsing (2022), we focus on this three-month win-
dow to limit temporal correlation, assuming stationarity over this short period. For subse-
quent analysis, we designate six reference locations (RL), namely, RL1: (30°S, 150°W),
RL2: (60°N, 180°W), RL3: (30°N, 150°W), RL4: (30°N, 30°W), RLS5: (30°S,20°W), and
RL6: (20°S, 80°E), for subsequent analyses. These locations were selected to represent ma-
jor ocean gyres across the Pacific, Atlantic, and Indian Oceans. We also indicate three key
vertical zones of ocean stratification: the mixed layer zone (MLZ, 0—100 m), the pycnocline
zone (PCZ, 100-1000 m), and the intermediate zone (IMZ, 1000-2000 m), also referred to
as the deep layer (Chen and Geng (2019)). Since pressure in dbar is approximately equal to
depth in meters, we use pressure as a vertical coordinate throughout.

Surface residuals show no strong large-scale spatial dependence patterns; values near the
equator and along coasts often change abruptly, suggesting weaker dependence driven by



3D BIVARIATE SPATIAL MODELLING OF ARGO 1129

501 RL27

.. (30-30)

' 1.00
N..
0.00

\.\ ] S . : . -1.00

100 0 10
Longitude
25°W Longitude
: [ 1

Latitude
o

-50 4

200

i | : =
1 N
|
1
1 2
g l .
8 : R
—_ | 0
4 |
2 1
e o 1
£ o
£ ° l 2
[=% |
3
e :
! = -4
S ! g
- 1
I
| -6
I
o |
o
I T T T T I I T T T I
50°N 25°N 0° 25°S 50°S 50°N 25°N 0° 25°S 50°S
Latitude Latitude
Empirical Std Dev. (log scale) Empirical Std Dev. (log scale)

FI1G. 3. Temperature residuals from January to March in 2016 obtained by Yarger, Stoev and Hsing (2022). (Top)
Six reference locations are marked with their coordinates. Residuals are shown in their natural units (° C) with the
color scale truncated to £1°C for visual clarity; a small number of more extreme values are omitted. No normal-
ization or standardization was applied. (Bottom) Empirical standard deviations (in log-scale) at every 50-meter
depth interval along two selected longitude transects: 150°W and 25°W. These transects were chosen because
they intersect the most number of reference locations while avoiding land crossings, allowing for a continuous
vertical slice of the ocean to be examined. The latitudes of the closest reference locations along each transect are
delineated with dashed lines and labeled accordingly.

localized dynamics or boundary effects. Over the open ocean, residuals vary more smoothly,
indicating stronger spatial dependence. Apart from these features, no other prominent surface
patterns are evident.

More complex patterns emerge below the surface. For each location s, let D denote a
surrounding neighborhood with cardinality |D|. Using

Y ieplZi(8) — 1i ()}
D

Yol TG — ir OHSE) — fas(s)}/1D]
o7 (8)05(8)

67(s) =

’

prs(s) =

’
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FIG. 4. Same as Figure 3 but for salinity residuals. Residuals are in PSU, with the color scale truncated to £0.5
PSU for legibility. No normalization or standardization was applied.

we compute empirical variances and colocated correlations for temperature (7°) and salinity
(S) along the 150°W and 25°W longitude lines on a 1° x 1° x 50-m grid. The empirical
mean is obtained using [&;(s) = ﬁ > sep Zi(8), i € {T, S}. These calculations require mea-

surements of Z; at all § € D. Here D is taken as a vertical cylinder of radius 900 km and
depth 50 m. Empirical variance estimates are shown in the bottom panels of Figures 3 and 4,
and empirical colocated correlations appear in Figure 2.

The empirical variances reveal a clear depth dependence: variability is generally largest
near the surface and decreases with depth. Local maxima commonly appear around 200-300
m, followed by a sharp decline below these depths—patterns consistent with prior studies
(McPhaden and Hayes (1991), Chen and Wang (2016), Chen, Peng and Ma (2018), Al Senafi
and Anis (2020), Xie et al. (2000)). These structures align with MLZ, PCZ, and IMZ. In the
MLZ (0-100 m), wind-driven mixing produces relatively uniform temperature and salinity,
leading to low vertical variance (Helber et al. (2012), Maes and O’Kane (2014)). The PCZ
(100-1000 m), coinciding with the thermocline and halocline, exhibits the highest variances,
driven by mesoscale and submesoscale activity (Dong et al. (2014), Chen and Wang (2016),
Chen, Peng and Ma (2018)). Below this lies the IMZ (1000-2000 m), a more homogeneous
and stable layer, reflected in persistently low variance.
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Figure 2 illustrates how temperature and salinity covary throughout the water column. Al-
though temperature generally decreases and salinity increases with depth, their correlation
is not simply monotonic. Near the surface, the variables are weakly correlated. Approaching
the PCZ, their correlation becomes strongly positive, reaching a maximum between about
200 and 500 m. Below the PCZ, behavior diverges by longitude. Along 150°W, correlations
weaken with depth and eventually become strongly negative in the IMZ—a pattern character-
istic of the “mirror layer” described by Chen and Geng (2019). Along 25°W longitude, how-
ever, strong positive correlations persist throughout the full 0-2000 m range, consistent with
the influence of the Atlantic meridional overturning circulation and density-compensating
mechanisms that tightly couple temperature and salinity.

2.2. Differential operators approach in 2D. A class of 2D nonstationary spatial cross-
covariance functions based on differential operators was introduced in Jun (2011), extending
earlier univariate space—time work in Jun and Stein (2007). In this framework a multivariate
spatial process is expressed as

K

0 0 .
(1) Zi(L.)= Z{ai,k(ma—L +bi,k(L)5}Xk(L, D +di(L)Xo(L.D), i=1.....q.
k=1
where Xy (L,l), k=0..., K, are independent zero-mean univariate spatial processes, and

ai k(L), b x(L), and d;(L) are nonrandom functions of the latitude. The resulting cross-
covariance function, cov{Z;(L1,l1), Z;(L2,l2)} may or may not have a closed form, de-
pending on the choice of covariance functions for the latent processes X. Nonetheless, the
formulation is flexible and accommodates negative covariances and spatially varying colo-
cated correlations.

A limitation of this representation is that all variables Z; depend on the same set of latent
processes X. Greater flexibility can be obtained by replacing each X; with a multivariate
latent field Xx (L, 1) = {X 1 x(L,1D), ..., Xqx(L, D)7 such that the Z;s depend on correlated
but distinct components. This allows each Z; to have its own latent process while retain-
ing cross-variable dependence through the latent multivariate fields. In the next section, we
extend this differential operator framework to 3D and introduce nonstationarity along the ver-
tical dimension, enabling construction of flexible bivariate cross-covariance models suited to
Argo data.

3. Methodology. Empirical results show that both variances and colocated correlations
of the residuals vary substantially with depth and that vertical structure differs across horizon-
tal locations. To accommodate this heterogeneity, we develop nonstationary cross-covariance
models, defined in 3D, capable of capturing the depth-dependent dependence patterns ob-
served in the Argo residuals.

3.1. Multivariate nonstationary spatial models in 3D domain. We treat the temperature
and salinity residuals as two zero-mean 3D processes (latitude x longitude x depth) with
spatial dependence encoded through a nonstationary cross-covariance function C;;(s1,2) =
cov{Zi(s1), Zj(s2)}, i, j = 1,2, where s and s; lie in 3D space. As usual, C;; must be
positive definite to define a valid multivariate model.

To extend the 2D differential-operator construction of (11) to 3D, we introduce a set of
latent multivariate Gaussian processes. For k =0, ..., K, let

Xy (L1, p) = (X1 4L, 1, p), ... Xgi(L.1, p)) "

denote independent, zero-mean, g-variate stationary Gaussian processes with stationary
cross-covariance

Ci}j('(h) = COV{Xivk(s), Xjr(s+ h)}’
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common across k. These latent processes form the building blocks of the observed field Z
through spatial differential operators. Incorporating an additional derivative in the vertical
dimension, we obtain the following 3D extension.

PROPOSITION 3.1. Let Xy (L,L, p), k =0,...,K, be the latent multivariate station-
ary processes defined above, each with cross-covariance Ci}j Fori=1,...,q, let a; x (L),
bi x(L), ci x(L, p), and d; (L) denote deterministic coefficient functions that weight the dif-
ferential operators. Define a multivariate process as follows:

K

Zi(L,1 )—Z{a‘ (L)i+b~ (L)3+c~ (L )i}x- (L,1, p)
(12) 1 ’ 7p _k:1 l,k BL l,k 8[ l,k 7p ap l,k ’ 7p

+di(L)X;o(L,1, p).

Furthermore, suppose the cross-covariance function C;; X is chosen to be the parsimonious
Matérn cross-covariance function in (1) with smoothness vij + 1. Then the multivariate pro-
cessl=(Z1,2>,...,7Z )T has a nonstationary cross-covariance function,

Cij(L1,Ly, [y — b, p1,p2) = K'Mu,-j—l{h(Ll, Ly, Iy — b, p1 — p2)'/?)

(13) 2 12
+ KZMy (h(L1, Ly, 1y — b, pr— p)'/?),
where
K
= Tj Z aik(L1)aj x(Lo)hihy — bi (L1)bj x(L2)h3 — cix (L1, pr)cjx(La, p2)h3

—aix (L1)bjr(L2)hihs +ajx (L2)bi k (L1)hoh3 — a; k(L1)cj (L2, p2)hihg

+ajk(La)cik (L1, pr)haha — bi x(L1)cjx (L2, p2)hshy

—bj x(La)cik(L1, p1)h3hs}

+a;jhd;i(L1)d;j(L2),

K
Kizj 2” 2 1{alk(Ll)aJk(Lz)hlz— bix(L1)bj r(L2)h33

—cik (L1, p)cji(La, p2)hag

—aik(L)bjx(L2)h13 +ajx(L2)bix(L1)h3} + 2ajvijdi (L1)d; (L),
and ajj = Pij%i9]

2VijF(vl.J. +1) '

The proof of the proposition is rather straightforward. Refer to the Appendix in Jun and
Stein (2007) for the exact expressions of 4, and h,g, forr,s =1, ..., 4.

Proposition 3.1 extends the original 2D model in (11) by incorporating depth explicitly,
enabling covariance structures that vary with vertical stratification—a dominant feature of
ocean dynamics. It also introduces substantial structural flexibility: unlike the original for-
mulation where all variables share the same latent processes (yielding colocated correlations
of one), the proposed model allows each Z; to be driven by its own latent processes X; k.
Dependence arises through cross-covariance among the latent fields, so colocated correla-
tions p;; can be less than one, allowing more realistic relationships between variables such
as temperature and salinity. Moreover, the differential operator structure accommodates spa-
tial nonstationarity in both latitude and depth. The vertical derivative term d/dp with depth-
varying coefficient ¢; (L, p) enables the covariance structure to evolve with depth, capturing
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stratification, thermocline behavior, and other depth-dependent oceanographic processes. In
practice, we focus on vertical nonstationarity within localized regions: the model is fit sep-
arately at each reference location, with a; x and b; ; treated as local constants and ¢; x(p)
allowed to vary with depth. This targets model flexibility to the vertical dimension, where the
strongest and most systematic heterogeneity occurs.

3.2. Modelling vertical coefficients for the differential operator. We now present our
strategies for modelling c; x (p) in a parsimonious and interpretable way. Since no constraints
on ¢; i (p) are required for positive definiteness, these functions can be freely parameterized
to introduce vertical nonstationarity. Earlier 2D work (Jun and Stein (2008), Jun (2011))
incorporated nonstationarity in latitude via spherical harmonics; here we adapt this idea to
depth by representing c; x(p) through basis expansions. Although the overall model is 3D, the
vertical direction is treated distinctly: c; x(p) governs the strength of the vertical derivative
and varies smoothly with depth, enabling anisotropy and nonstationarity along the vertical
axis.

To represent c; x (p), we use a basis expansion

M;
k
(14) cik(P) =Y 0 Bim(p),
m=0
where ’h(knl are coefficients and B; ,,, (p) are basis functions defined over the normalized depth

domain p € [0, 1]. Following the construction in Jun and Stein (2008) and Jun (2011), we
consider Legendre polynomials as a natural choice for B; ,,. If P, (x) denotes the mth Leg-
endre polynomial defined on x € [—1, 1], we define B; ,,(p) = P (2p — 1) after rescaling
the depth variable p to the unit interval. This orthogonal basis provides smooth global repre-
sentations well suited for broad vertical structures. As an alternative, B-spline basis functions
B, (p) may be used. B-splines offer localized control by joining piecewise polynomials at
knots (Kunoth et al. (2018)). Let B,,(p) denote the mth B-spline basis function of a chosen
order. Then the basis expansion is written as B; ,, (p) = B;,(p). The placement and spacing
of knots can be tailored to the variable of interest or the structure of the data, with closely
spaced knots enabling finer resolution to capture sharp vertical transitions. However, using a
large number of knots increases the number of parameters and can complicate estimation due
to potential convergence issues.

Both Legendre polynomials and B-splines are capable of producing flexible nonstationary
covariance structures along the vertical depth axis. For our application we found that Leg-
endre polynomial bases provided a better overall fit when comparing models with an equal
number of parameters (i.e., same polynomial order vs. number of spline knots). This basis
will, therefore, be used in the subsequent modelling.

The functions ¢; x(p) directly shape vertical variability, influencing both marginal vari-
ances C;; (L, L, 0, p, p) and colocated cross-covariances C;;(L, L, 0, p, p). To illustrate the
effect of these coefficients, consider the colocated correlation,

Ci;(L,L,0, p, p)
JGii(L, L,0, p, p)Cjj(L, L0, p, p)

in a bivariate setting (¢ = 2) with d; = d» = 0. For parsimony, as in Jun and Stein (2007,
2008), we drop the index k and refer to the coefficients simply as a;, b;, and c;(p). The
functions c1(p) and c2(p) used in our illustration are degree-5 Legendre polynomials esti-
mated at three reference locations (RL1, RL4, RLS5). The top panels of Figure 5 display these
estimated vertical coefficients, showing clear variation in structure across locations. In each
panel the red curve corresponds to c¢;(p), and the blue dashed curve to c2(p). Using these
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estimated functions, the bottom panel of Figure 5 shows the resulting colocated correlation
curves as a function of depth, for a range of values of the colocated correlation parameter
p12 € (—1, 1). These curves illustrate how the shape of vertical dependence is modulated by
c1(p) and c2(p), while p15 controls the amplitude of the correlation.

3.3. Likelihood approximation. For the estimation of parameters, we use maximum like-
lihood estimation (MLE) to jointly estimate all parameters. Despite employing a local station-
ary framework, the size of the Argo residuals dataset renders the matrix operations needed
in the likelihood computation infeasible. Specifically, the Gaussian likelihood requires the
inversion of the covariance matrix that has a O(N?¢?) memory complexity and a O(N3¢?)
computational complexity, where N is the number of spatial locations.

Many methods have been proposed in the literature to approximate Gaussian likelihoods;
see Heaton et al. (2019) and Liu et al. (2020b) for a comprehensive review of such approaches
for spatial data. Among these, we adopt the Vecchia approximation (Vecchia (1988)). The
Vecchia approximation is typically applied to univariate Gaussian processes (i.e., ¢ = 1) and
is based on truncating the conditioning in the joint density decomposition,

N N
(15) F&® =[] f@wlxiw-D ~ [] f&uwlXew).

w=1 w=1

where x is a random vector of length N, f(-) is a generic density function, and 7 (w) is
the conditioning set of x,,, commonly chosen as the u# nearest neighbors of x, among
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{x1,..., xpw—1} (Katzfuss and Guinness (2021)). The parameter u serves as a tuning parame-
ter that balances the computation cost with the bias introduced by the approximation and is
usually set such that u < N (e.g., u = 30 for N = 5000). Finding nearest neighbors requires
a distance function defined over the domain of the response variables for which we use Jh,
with £ defined in (3) and computed at a;, = a, = 1. The conditioning sets {r(w)} may vary
with aj; and a,, but their impact on parameter estimation is usually insignificant, and any
choice of {r(w)} leads to unbiased estimators (Cao et al. (2022)). In our implementation we
fix {t(w)} during optimization to enable automatic differentiation and improve computation
efficiency but note that Katzfuss and Guinness (2021) proposes to recalculate the condition-
ing sets {t(w)} after a number of iterations during optimization. For multivariate Gaussian
processes, we substitute the random variable x,, with a random vector of length ¢, for exam-
ple, [z1(Sw), 22(Sw), - -, 2g (sw)]T, representing the g variables observed at the wth spatial
location, under which the complexity for likelihood estimation becomes O(Nu>q?).

4. Application. We now fit the proposed covariance functions to jointly model Argo
temperature and salinity residuals and compare their performance with the classic parsimo-
nious Matérn model. The results demonstrate the ability of our approach to capture depth-
dependent structure and nonstationary cross-correlation between the two variables.

4.1. Data. Due to the sheer size of the full Argo dataset and the horizontal nonsta-
tionarity of ocean variables, modelling is performed in one local region—that is, one refer-
ence location—at a time. We analyze six RLs selected to represent major ocean circulation
regimes, as introduced in Section 2. These locations (marked with circled X symbols in Fig-
ures 3 and 4) span high, midlatitude, and subtropical regions and sample key longitudinal
bands to capture the thermohaline diversity of the global ocean. Each RL lies within a dis-
tinct circulation system: RL1 and RL2 are situated within the North Pacific; RL3 represents
the South Pacific; RL4 lies in the Gulf Stream—North Atlantic region; RLS captures the Brazil
Current; and RL6 samples the East Australian Current. This distribution facilitates compari-
son across different oceanographic environments and provides a basis for evaluating how well
the proposed 3D model adapts to regions with different temperatures, salinity variability, and
stratification characteristics.

We use the 2016 residuals obtained from the functional mean model of Yarger, Stoev and
Hsing (2022), located within a vertical cylinder of radius 900 km centered at each reference
location. Table 1 summarizes the number of floats and total measurements available per re-
gion. Because floats differ in the depth levels they sample, some profiles span the full 0-2000
m range while others terminate around 1200 m. For each RL we randomly split the floats into
training and testing sets using an 80-20 ratio.

TABLE 1
Counts of available floats and observations per variable, for each reference location

Training Testing
RL # floats # obs # floats # obs
1 29 14913 7 5051
2 24 15,475 6 3946
3 79 25,688 20 7001
4 66 19,747 16 3938
5 59 24,553 15 7570
6 64 28,179 16 7067
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Before modelling temperature and salinity data as a bivariate Gaussian random field, we
assessed the Gaussianity of the residuals at all six RLs. Histograms and Q-Q plots (see the
Supplementary Material (Salvafia, Cao and Jun (2026))) indicate that, in most ocean subre-
gions, the data do not show significant deviations from the Gaussian behavior. Prior stud-
ies have also modeled temperature and salinity as Gaussian processes (Bohme and Send
(2005), Cabanes, Thierry and Lagadec (2016)). In cases where non-Gaussian behavior is ob-
served, common practice in the literature involves preprocessing the data to remove outliers
(Chaigneau et al. (2011)). For the six RLs used in this study, we model the residuals without
additional preprocessing, as we did not detect any strong violations of Gaussianity.

4.2. Covariance models. For bivariate modelling we compare three covariance models;
definitions and parameter counts are summarized in Table 2.

A preliminary univariate analysis showed that fitted Matérn smoothness parameters for
both variables were consistently close to 1 across all six RLs. Based on this empirical find-
ing, we fix the smoothness so that all models yield an effective smoothness of vegr = 1. For
M1 (BiMatérn) this means setting v = 1 directly. For M2 and M3 (DiffOp models), we set
v =2 in the latent processes; because the differential operator construction involves first-
order derivatives, the effective smoothness of the resulting processes Z; is v — 1 = 1. More-

TABLE 2
Summary of covariance models, parameters, and properties

Model Specification
M1 (BiMatérn) Covariance Function:
C}\fl (s1,82) = ajj My;; (Vh(s1, $2)),
Pijoi0}

al] - Zvijill"(l},'j) >
Parameter Vector: 6y = (0'12, 022, an, avy, P12)
Effective smoothness: vegr = 1
Vertical nonstationarity: no
Cross-covariance: yes (stationary Matérn)
# parameters: six (including nugget)
M2 (DiffOp—Ind) Covariance Function:
C%z(Sb $2) =0,

CM2(s1,82) = K}, My, 1 (VAGs1,82)) + K3 Moy, (VR (51, 52)),
K} Kizi from Prop. 3.1 with K =1,d; =0;

i’
ci(p) = Xo_o Mism Bm(P). Bn(p) = Pm(2p — 1);
Parameter Vector: Oy = (012, 022, an, ay,ay, by, n1,0.5. a2, b2,12,0:5)
Effective smoothness: vegr = vj; —1 =1
Vertical nonstationarity: yes
Cross-covariance: no (C1p =0)
# parameters: 21 (including nugget)
M3 (DiffOp-Bi) Covariance Function:
CMP(s1,82) = K, Moy, 1 (VRGs1,50) + K Moy, (VAGT, 52),
Kilj, Kizj from Prop. 3.1;

ci(p) = X3, _o Mism B (P). Bu(p) = Pm(2p — 1);

Parameter Vector: Oy3 = (012, 022, ap, ay,ag, by, n1.0:5,a2,b2,12,0:5, P12)
Effective smoothness: vegg =vj; — 1 =1

Vertical nonstationarity: yes

Cross-covariance: yes (nonstationary, depth-varying)

# parameters: 22 (including nugget)
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over, we set d; (L) = 0 to keep the model parsimonious, so each Z; is constructed solely from
first—derivative terms. To incorporate vertical nonstationarity, the coefficient ¢; (L, p) is taken
to depend on pressure only, denoted c; (p), and represented using the basis expansion in (14)
with Legendre polynomials. We experimented with various polynomial orders and observed
negligible improvements in model fit beyond order 5. Accordingly, we used degree-5 Legen-
dre polynomials for both variables (i.e., M| = M, = 5) throughout our analysis. The nugget
effect was assumed in previous works, for example, Kuusela and Stein (2018), and provides
the benefits of accommodating measurement errors as well as numerical singularities. In this
paper we include a “relative” nugget effect parameter €2 for all the models that amounts to
a nugget effect equal to the diagonal entries of the cross-covariance matrix multiplied by
€2, considering the change of variation across depth. As shown in Table 2, this specification
yields 21 parameters for M2 (DiffOp-Ind) and 22 parameters for M3 (DiffOp-Bi).

4.3. Fitted results. We now examine the performance of the three candidate spatial co-
variance models, M1 (BiMatérn), M2 (DiffOp—Ind), and M3 (DiffOp-Bi), in modelling the
residuals around the six RLs. As shown earlier in Figures 3-2, each region exhibits a unique
vertical dependence structure, and the ability of a model to reproduce these patterns varies
accordingly. Model performance is assessed based on how well each model explains the ob-
served residuals, using both log-likelihood values and the Akaike information criterion (AIC)
as metrics.

The results are summarized in Table 3. Both the log-likelihood and AIC values demon-
strate that the proposed bivariate model M3 (DiffOp-Bi) consistently outperforms M1 (Bi-
Matérn) and M2 (DiffOp-Ind) across all six RLs. This improvement reflects the enhanced
flexibility of M3 (DiffOp-Bi) in capturing both nonstationary marginal variance and nonzero
cross-correlation between temperature and salinity, made possible by the differential oper-
ator parameterization. While M2 (DiffOp-Ind) incorporates vertical nonstationarity through
flexible marginal variances, its assumption of zero cross-correlation generally limits its per-
formance relative to M3 (DiffOp-Bi), although it still outperforms the simpler stationary
model M1 (BiMatérn) in most cases. Notably, the estimated colocated cross-correlation p;;
values under M3 (DiffOp-Bi) are consistently larger than those from M1 (BiMatérn) (except
at RL3), suggesting that M3 (DiffOp-Bi) better captures cross-correlation. In addition, the
estimated horizontal and vertical scale parameters under M2 (DiffOp-Ind) and M3 (DiffOp-
Bi) are broadly consistent with each other, yet they differ substantially from those of M1
(BiMatérn), which assumes stationarity and lacks flexibility in vertical structure.

Figure 6 displays the fitted colocated correlation curves produced by the three models,
overlaid with empirical estimates from the training data (in black) as a function of depth.
Empirical correlations are obtained by binning depth into two-meter intervals and pooling all
observations within each bin. Across all six RLs, the fitted curves from M3 (DiffOp-Bi) align
closely with the empirical colocated correlations, successfully capturing the complex vertical
dependence structure from the surface down to 2000 meters. While the fit is not perfect at
RL2 and RL3, M3 (DiffOp-Bi) still demonstrates substantially better agreement with the
data than the other models. Model M2 (DiffOp-Ind), which assumes independence between
variables, fails to reflect the strong cross-correlation observed in all six regions. Similarly, the
baseline stationary model M1 (BiMatérn) is unable to reproduce the depth-varying patterns,
leading to a poor overall fit. These results highlight the inadequacy of stationary models like
M1 (BiMatérn) for representing realistic vertical dependence and emphasize the utility of
flexible, vertically nonstationary models such as M3 (DiffOp-Bi).

4.4. Kriging results. We next compare the three models by evaluating how well they pre-
dict the measurements of testing floats. As shown in Table 1, 20% of floats at each RL were
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TABLE 3
Parameter estimates and performance summaries for M1 (BiMatérn), M2 (DiffOp-Ind), and M3 (DiffOp-Bi)
using datasets collected at RL 1 through 6. For parameter estimates, values in parentheses indicate asymptotic
standard errors. Higher log-likelihood and lower AIC values indicate better model fit. The best values per RL are
shown in bold

Reference Horizontal Vertical log-likelihood ~ AIC
Location Model p12 scale, a, scale, dy & &9 (x10%)  (x10%)
RL1 M1 (BiMatérn) 0.532 899 64.4 0.352 0.328 59.2 —118
(5.5e—03) (84.4) (0.29) (1.87e—03) (1.74e—03)
M2 (DiffOp-Ind) - 357 142 4.19e—05 7.78e—05 78 —156
- (1.98) (0.04) (1.67e—07) (3.96e—07)
M3 (DiffOp-Bi)  0.895 291 753  2.22e—04 3.29¢e—04 99.6 -199
(4.7e—03) (2.25) (0.21) (1.12e—06) (1.73e—06)
RL2 M1 (BiMatérn) 0.831 933 52 0.233 0.22 85.8 —172
(2.3e—03) (62.2) (0.24) (9.49e—04) (8.98¢—04)
M2 (DiffOp-Ind) - 503 75.5  9.01e—05 1.94e—04 119 —238
- (3.08) (0.24)  (5.12e—07) (1.10e—06)
M3 (DiffOp-Bi)  0.953 447 759  228e—04 3.48e—04 122 —244
(1.6e—03) (2.25) (0.26) (1.11e—06) (1.69¢e—06)
RL3 M1 (BiMatérn) 0.765 3005 54.3 0.366 0.423 98 —196
(2.3e—03)  (551) (0.19) (1.27e—03) (1.46e—03)
M2 (DiffOp-Ind) - 1041 81.6  6.26e—05 1.05e—04 131 —261
- (6.95) (0.17) (2.83e—07) (4.72¢e—07)
M3 (DiffOp-Bi)  0.786 1008 84.6  7.58e—05 1.05e—04 133 —266
(5.1e-03) (6.13) (0.18) (3.17e—07) (4.38e—07)
RL4 M1 (BiMatérn) 0912 949 43.1 0.447 0.264 92.6 —185
(1.1e—03)  (67.6) (0.18) (1.29e—03) (7.6e—04)
M2 (DiffOp-Ind) - 1010 89.9  2.29%—-04 1.58e—04 86.6 —173
- (10.5) (0.19) (1.16e—06) (8.03e—07)
M3 (DiffOp-Bi)  0.993 352 62.8 1.16e—03  3.54e—04 97 —19%4
(2e—04) (2.81) (0.12) (3.54e—06) (1.08e—06)
RLS M1 (BiMatérn) 0.468 332 425 0.571 0.251 106 —211
(5e—03) (8.62) (0.15) (2.43e—03) (1.07e—03)
M2 (DiffOp-Ind) - 558 754 1.43e—04 2.57e—04 152 —-304
- (3.24) (0.16) (6.48¢—07) (1.16e—06)
M3 (DiffOp-Bi)  0.917 531 799  8.65e—05 3.21e—04 155 =310
(2.8e—03) (2.78) (0.17)  (3.58e—07) (1.33e—06)
RL6 M1 (BiMatérn)  —0.156 1961 64.9 0.489 0.534 82 —164
(6e—03) (137) (0.21) (2.05e—03) (2.24e—03)
M2 (DiffOp-Ind) - 613 38.8 1.54e—04 1.17e—04 139 —278
- (4.89) (0.07) (6.42e—07) (4.85e—07)
M3 (DiffOp-Bi)  0.912 633 60 1.20e—04 1.61e—04 144 —289

(2.2e—03) (3.84) (0.12) (4.57e—07) (6.12e—07)

randomly withheld for testing. For every testing float, we performed kriging for both temper-
ature and salinity using observations from the five geographically closest training floats.

A major challenge in this prediction task is the strong variability in vertical structure across
floats, even within the same local region. Figure 7 illustrates this issue by comparing the
temperature and salinity residual profiles of testing floats with those of their nearest training
float (in horizontal distance) at RL1 (seven testing floats) and RL2 (six testing floats). The
remaining four RLs have more floats, and displaying and comparing profiles from each of
the floats would be more difficult. Overall, the discrepancies between testing and training
data are substantial for both regions and both variables. While in some cases the solid and
dotted curves match closely, in many others they diverge significantly—especially within



3D BIVARIATE SPATIAL MODELLING OF ARGO 1139

Reference Location 1 Reference Location 2 Reference Location 3
e Q e
S T R " e
' % : 2 »
[} . « [t} [t} .
e o ° 5 e © et . o J? 4 Y
g ] %0 ] | \ .5
K © Y k]
N % 2 o 2 o sl \e
8 o T L] 8 o 8 o ) ”-" 3
2 ' : 2 M . 3 {J § .
5 w0 X CI; Wi .| 5 e \,'V NS
F \ 2 1 ¢ v u ¢ #
L\ N 5
o M v o - o
! T T T T T ! T T T T T ! T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Depth (meters) Depth (meters) Depth (meters)
Reference Location 4 Reference Location 5 Reference Location 6
< < ot
< w < < -
%5 A ¥ )] o b W
© -!I'J ¥ o o | o | f \=
. 31T s 877 ~ls °1 d e
5 7 Ly 5 : v o | £ I T
E K s z Mord K] e
5§ 2 § 2 § 2 <N
8 g g
§ 1 § 1 § 1o
(= o - o - .
T T T 3, — M1
p " — M2
e i 2 e — M3
! T T T T T ! T T T T T ! T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Depth (meters) Depth (meters) Depth (meters)

FI1G. 6.  Empirical (black) and model-based estimates of colocated correlations plotted as a function of depth
for each RL. Empirical values are computed as sample cross-correlations of temperature and salinity from all
training floats within nonoverlapping vertical bins of two-meter width. Model M1 (BiMatérn) produces constant
correlations across depth; M2 (DiffOp-Ind) yields zero throughout, M3 (DiffOp-Bi) tracks the empirical patterns.

N~ —
e _ | S
E =
5 R
Q o - © o

‘I_— -

o

¥ ¢ ]

T T T T T T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000
N o |

v | (=}
g = 7]
=1 b —
E 2y £ 9
Q P © -
£ T R o _
i o -\ o -

] J ]

m_LN m_—

TN T~

0

500 1000 1500 2000 0 500 1000 1500 2000

depth (meter) depth (meter)

FI1G. 7. Comparison between residual profiles from testing floats and their (horizontally) nearest training floats
at RL 1 (top row) and 2 (bottom row), for temperature residuals (left) and salinity residuals (right). For each
testing float (solid curve), the corresponding nearest training float is displayed in the same color with a dotted
line.



1140 M. L. 0. SALVANA, J. CAO AND M. JUN

the upper 1000 meters of the water column. These mismatches indicate either horizontal
nonstationarity or weak horizontal correlation and highlight the difficulty of prediction, even
when using covariance models explicitly designed to accommodate nonstationary structure.
Notably, some of these discrepancies between nearby floats may stem from the fact that floats
are displaced horizontally as they travel vertically. Argo float data report a single longitude—
latitude coordinate per profile, although floats may drift laterally due to ocean turbulence and
other dynamic factors while profiling (Wang et al. (2020), Merchel et al. (2024)).

To assess the depth-dependent predictive performance of the models, we compute the mean
absolute error (MAE) of kriging predictions. MAE is calculated separately for each of the six
RLs and for each of the two variables—temperature and salinity—across the three models.
Because each RL contains multiple testing floats, we summarize MAE values by binning
depth into 100-meter intervals: [0, 100), [100, 200), ..., [1900, 2000] meters. For each bin
we pool all prediction errors from testing profiles whose observation depths fall within that
interval. This approach ensures adequate sample sizes within bins and yields stable MAE es-
timates across depth. Specifically, let z\" and z‘,ifed denote the true and predicted temperature
or salinity residual at depth d,,, and let D, = {w : d,, € bin,} denote the set of observations
in depth bin 5. The MAE for that bin is

1

MAEs =15 ]

> Jee — e,
weDy

Figure 8 displays the MAE as a function of depth for all six RLs. In all six locations,
we observe a consistent pattern: MAE is largest in the upper 500 meters, where temper-
ature and salinity gradients are strongest, and decreases sharply with depth. Below about
500 meters, MAE stabilizes as vertical variability diminishes. Moreover, across all six RLs,
M1 (BiMatérn) produces the largest kriging errors across nearly all locations—especially at
RL6—reflecting its inability to represent depth-varying dependence. M2 (DiffOp-Ind) and
M3 (DiffOp—Bi) show broadly similar predictive performance, but M3 exhibits a clear ad-
vantage at RL4, where temperature and salinity are nearly perfectly correlated. Because M2
assumes independence between variables, it performs poorly in this setting, even underper-
forming M1. This result underscores the importance of explicitly modelling cross-correlation
when it is strong.

Figure 9 summarizes the number of available testing observations in each bin, grouped by
RL. Each curve represents the binwise observation count for a given RL, enabling a direct
comparison of vertical data coverage. This highlights substantial variability in sampling den-
sity across regions. Although the number of observations generally decreases with depth, the
rate and pattern of decline differ by location, reflecting regional differences in float availabil-
ity and depth penetration. Such variability in data coverage is important to consider when
interpreting depth-dependent MAE patterns.

Table 4 summarizes model performance across RLs using the continuous ranked probabil-
ity score (CRPS) in addition to point-prediction metrics (MAE and RMSE). Models M2 and
M3, both of which incorporate vertical nonstationarity, substantially outperform the station-
ary Matérn model M1, confirming the importance of flexible vertical covariance structure for
accurate inference. Moreover, M3 (DiffOp-Bi) achieves better CRPS than M2 (DiffOp-Ind) in
terms of both temperature and salinity, even though M2 (DiffOp-Ind) achieves slightly better
point prediction in temperature, underscoring the benefits of modelling the cross-correlation
for uncertainty quantification. A breakdown of the overall metrics across the six reference
locations is provided in the Supplementary Material.
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FI1G. 8. MAE by depth across reference locations 1-6. Each panel shows model performance at predicting tem-
perature and salinity as a function of depth (binned in 100 m intervals).

4.5. Model diagnostics on differenced processes. To further assess the proposed models’
ability to capture spatial variation and correlation structure of the processes, we compare the
empirical and fitted covariance structures of differenced processes. Specifically, we consider
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FIG. 9. Number of testing observations per 100-meter depth bin for each reference location. The depth bins
range from zero to 2000 meters, and the x-axis labels indicate bin boundaries.
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TABLE 4
Averaged performance metrics across six reference locations (the sum of the averaged metrics across six
reference locations divided by six). The subscripts t and s denote the temperature and salinity variables,
respectively. The best model for each metric is in bold

Metric M1 (BiMatérn) M2 (DiffOp-Ind) M3 (DiffOp-Bi)
MAE; 0.210 0.167 0.168
MAE; 0.037 0.030 0.028
RMSE; 0.372 0.305 0.310
RMSE; 0.067 0.053 0.051
CRPS; 0.188 0.178 0.171
CRPS; 0.166 0.167 0.143

the first and second differencing of processes along the vertical dimension. That is, for each
Z;(L,l, p), we define its first differenced process,

ZOW, 1, p) = Zi(L. 1, p) = Zi(L. 1, p+ Ap),
and its second differenced process,
2
ZP(L,1 p) = =Zi(L,1, p+ Ap) +2Zi(L, 1, p) = Zi(L,1, p = Ap),

with Ap = 2 meters. Differencing is performed separately for each profile, and the corre-
sponding differencing matrices are defined in equation (17).

The marginal and cross-covariance structures of the differenced bivariate process Z") =
(V4 Y), Zg))T, for r =1, 2, are computed as linear combinations of the base covariances C;;
from equation (13). For instance, under the assumption of axial symmetry (i.e., stationarity
in longitude), the first-differenced covariance is given by

Cov{zV(L.1. p). 2" (L. 1. p)}
(16) =Cij(L,L,0,p,p)+Cij(L,L,0,p+ Ap, p+ Ap)
—Cij(L,L,0,p,p+ Ap)—Cij(L,L,0, p+ Ap, p).

To carry out differencing in practice, we apply the following matrices to the data vec-
tor of each profile (ordered by increasing depth) for the first differencing (77) and second
differencing (7>),

1 0 O 0

-1 1 0 0 0

o -1 1 O - 0
T = ) ) and

0 0 -1 1

0 O 0 -1 1

(17)

2 -1 0 O 0

-1 2 -1 0 0

0o -1 2 -1 0
T2= .

0 0 -1 2 -1
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If ¥ = (X%;})i,j=1,2 denotes the 2 x 2 block covariance matrix of temperature and salinity
residuals for a given profile, then the covariance matrix of the differenced process is

(18) >0 =1,5,;T17,

for r =1 (first differencing) or r = 2 (second differencing).

To obtain empirical covariance values from the Argo data, we apply first or second dif-
ferencing along the vertical pressure levels for each float. This is justified by the fact that
most observations within a single float profile share the same longitude and latitude. Fur-
thermore, between depths of zero and approximately 1200 meters, the pressure levels are
typically sampled at two-meter intervals, while sampling becomes sparser below 1200 me-
ters. For each level p,,, we calculate the difference between temperature (or salinity) residuals
at the level p,, and the adjacent pressure levels, p,, + Ap and p,, — Ap for each float with
Ap = two meters, except the very top and very bottom levels, where differencing follows the
scheme in equation (17). Empirical variances and covariances are then computed using the
differenced values from all floats within the local region. Since the spatial domain is narrow,
we reasonably assume stationarity within each local region when aggregating these empirical
quantities.

Figures 10 and 11 present model diagnostics based on the first- and second-differenced
processes, respectively, across all six RLs. At each depth level, a single empirical value is
computed by aggregating (differenced) observations across all Argo floats within a local
region, making use of the assumption of local stationarity. Each bin represents a depth in-
terval of two meters. The plotted model estimates (M1 (BiMatérn), M2 (DiffOp-Ind), M3
(DiffOp-Bi)) appear as smooth curves per model, consistent with the assumption of hori-
zontal stationarity within each region. M3 (DiffOp-Bi)—our proposed nonstationary cross-
covariance model—consistently aligns closely with the empirical estimates in both the first
and second-differenced diagnostics. This strong agreement confirms that M3 (DiffOp-Bi) not
only captures the colocated correlation on the original scale but also preserves realistic ver-
tical gradients and curvature in the data. By contrast, M1 (BiMatérn) assumes a constant
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F1G. 10. Empirical (black) and model-based estimates of colocated correlations of the first differenced pro-
cesses, plotted as a function of depth at each reference location.
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FI1G. 11.  Empirical (black) and model-based estimates of colocated correlations of the second-differenced pro-
cesses, plotted as a function of depth at each reference location.

cross-correlation and produces flat lines across depth, while M2 (DiffOp-Ind) assumes in-
dependence and yields zero correlation throughout. These assumptions visibly misrepresent
the empirical behavior, particularly in the second-differenced case. M1 (BiMatérn) substan-
tially underestimates the magnitude and variation of the empirical curves, most notably at
RLs 2, 3, and 5. Even in the first-differenced case, M1 (BiMatérn) fails to track the observed
structure, except in regions where the empirical curve happens to be flat. Notably, at RL4,
none of the models match the empirical second-difference curve well. This suggests a more
complex dependence structure at that site that may not be fully captured by any of the current
models and warrants further investigation. Together, these diagnostics validate the robustness
of M3 (DiffOp-Bi) in reproducing depth-varying correlation structures, even after applying
differencing operators that amplify local curvature. This capacity to preserve second-order
structure under transformation is a strong indication of the fidelity of M3 (DiffOp-Bi) to the
true data-generating process.

5. Discussion. Argo floats play a critical role in sampling temperature and salinity
throughout the world’s oceans. However, despite the global reach of the Argo network, hori-
zontal and vertical gaps remain. Many locations are undersampled, and vertical resolution
is often sparse, with numerous floats not covering the full depth range. In this work we
contributed to the ongoing efforts to produce high-quality interpolations of temperature and
salinity at unsampled locations through bivariate modelling of Argo residuals. Motivated by
the underlying physical coupling between temperature and salinity, we extended traditional
spatial modelling by incorporating vertical structure—an essential feature of ocean dynam-
ics. Consistent with findings from previous studies, we showed that the correlation between
temperature and salinity varies significantly with depth. Our proposed model captures this
vertical nonstationarity using a flexible, depth-varying cross-covariance function. The result-
ing framework accommodates diverse oceanographic conditions and vertical regimes, offer-
ing a robust statistical approach for 3D mapping of environmental variables. Building on this
foundation, future work could explore extensions such as allowing spatial range parameters
to vary with depth and developing a 4D space-time model.
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Significance Statement. Accurate maps of ocean temperature and salinity are essential
for understanding Earth’s climate and marine ecosystems, yet large gaps remain in Argo float
coverage, especially with depth. This paper introduces a new statistical framework that jointly
models temperature and salinity while capturing how their relationship changes throughout
the water column. Unlike traditional approaches that treat each variable separately or assume
simplified structure, our method uses flexible depth-varying covariance functions to represent
complex vertical layering found in the ocean. This leads to more reliable interpolation at un-
sampled locations and better uncertainty quantification. The framework provides a practical
tool for oceanographers and climate scientists seeking improved 3D mapping of climate and
environmental variables.

SUPPLEMENTARY MATERIAL

Gaussianity assumption & Kriging performance (DOI: 10.1214/26-A0OAS2149SUPP;
.pdf). This supplementary file assesses the validity of the Gaussianity assumption for temper-
ature and salinity residuals used in kriging, and provides a detailed comparison of Kriging
performances of three covariance models regarding RMSE, MAE and CRPS.
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