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Special Continuous Distributions

Uniform Normal (Gaussian) Standard Normal
Usage values are equally likely peak in the middle, peak in the middle,
then gradually tails off then gradually tails off
Parameters 61 € R (minimum), u € R (mean), =0 (mean)
6> € R (maximum) o > 0 (standard deviation) | o =1 (standard deviation)
Notation Y ~ U(61,62) Y ~ N(u,0?) Z ~N(0,1)
1 2
g 01 <y <0, _ = ) _ 22
PDF fly) =< -0 fly) = Lse 22 ¢(z) = e =
2 {O, elsewhere 2 Vamo? )(2) Var
O, y < 01 (m? )
_ = _2
COF | F) =40, bi<y<tr | F) = [V e o dt | 0()= [7 Ao %at
1, y > 0s.
(no explicit form) (no explicit form)
Values of RV 01 <y<b, —0o<y<o —0<y<o
Mean it u 0
Variance % o? 1

(cont’d next slide...)
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Special Continuous Distributions

Gamma Exponential
Usage waiting time special case of Gamma special case of Gamma
(a=1); (=% and 8 =2);
memoryless sum of squares of std. normal
hypothesis testing
Parameters « > 0 (shape), B > 0 (scale) v € Z (degrees of freedom)
B> 0 (scale)
Notation Y ~ Gam(a, B) Y ~ Exp(B) Y ~ X%
o—Te=y7B 1.-y/8 ) — 1 uj1,y2 -
PDF flpy= L Ft@ o 0sysoo | e 0sy<oo | ) ey e 0y <o
5 elsewhere; 0, elsewhere 0, elsewhere
M(a) = Jo~y* e ¥dy
- 0, y<0 -
CDF no explicit form Fly)=4. . no explicit form
(no exp ) (2} {l—e’y/d, 0<y <o (no exp )
Values of RV 0<y<oo 0<y<oo 0<y<oo
Mean afl ] v
Variance af? 32 2v
(cont’d next slide...)
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Special Continuous Distributions

Beta Student’s t
Usage distribution for proportions hypothesis testing
and probabilities
Parameters a > 0 (shape), v € Z (degrees of freedom)
B> 0 (scale)
Notation Y ~ Beta(a, 3) Y ~ to
Lyt -yl o<y < ) (L oy R
PDF f(y) = { B@RY P PEYEL )= ) (14 y—) ?
2 0, elsewhere: 2 VT (%) ( v
1 _ (o)l (8
B(a,B) = f “ 1(1 _Y)ﬁ Ydy = r((D?+E3))
CDF (no explicit form) (no explicit form)
Values of RV 0<y<l1 —0<y<oo
Mean a%? 0
- af v
Variance [ ) -
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Other Expected Values
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Moments: kth Moment

Definition 3.12: kth Moment

The kth moment of a random variable Y taken about the origin is defined
to be

E(Y¥)
and is denoted by u’k.

The moments of the distribution are the expectations of the random
variable to the integer powers.

1st moment, E(Y): mean or expected value of a random variable
2nd moment, E(Y?): can be used to find the variance
> V(Y) = E(Y?) —{E(Y)}?
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Moments: kth Central Moment

Definition 3.13: kth Central Moment
The kth central moment of a random variable Y taken about its mean, is
defined to be

E{(Y — n)"}
and is denoted by pi.

1st central moment: 0
2nd central moment, E{(Y — u)?}: variance of a random variable
3rd central moment, E{(Y — pu)3}: skewness (asymmetry)

4th central moment, E{(Y —

)}
)*}:

kurtosis (heaviness of the tails)
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Moments: Importance

To find means and variances of random variables, and other
information regarding the shape of their distributions

» Example: What are the mean and variance of A = 7R??

E(A) = nE(R?)
V(A) = n?V(R?)=n’[E(R") — {E(R?)}’]

We need the 2nd, E(R?), and 4th, E(R*), moments.
» Example: What is the skewness of Y7

E{(Y —p)®} = E(Y? =3uY? +312Y — %) = E(Y3) = 3uE(Y?) + 243

We need the first, i, 2nd, E(Y?), and 3rd, E(Y?), moments.

The moments tell you about the features of the distribution.
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Moments: Importance
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Figure 7. Two distributions with the same mean and variance but different skewnesses: a normal distribution with

mean p and variance o2 and a gamma distribution with parameters o = pu/Band B = 02//1.‘

Source: https://gregorygundersen.com/blog/2020/04/11/moments/
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Moments: Importance

0.7 A -=-- laplace

0.6 ! “ —— normal
05 I,’ “\ ------ uniform
0.4
0.3
0.2
0.1

0.0

Figure 10. Laplace, normal, and uniform distributions with mean 0 and variance 1. Respectively, their excess

kurtosises are 3, 0, and —1.2.

Source: https://gregorygundersen.com/blog/2020/04/11/moments/
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Moment Generating Function: Why We Need MGFs

MGFs are functions that spit out moments.
» Faster to compute expected values using MGFs...
Another way to identify distributions of random variables
» PDFs and CDFs can be hard to work with
Study convergence of distributions
» To prove the Central Limit Theorem
Special Properties of MGFs:
» If two random variables have the same MGF, then they MUST have
the same distribution.
» The kth moment is the kth derivative of the MGF evaluated at 0.
» The MGF for the sum of independent random variables is the product
of their individual MGFs.
Generally, MGFs are mostly used as a computational tool and has no
intrinsic meaning.
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Moment Generating Function

Definition: Moment Generating Function (MGF)

The moment generating function m(t) for a random variable Y is defined
to be

m(t) = E (ety> .

We say that a moment-generating function for Y exists if there exists a
positive constant b such that m(t) is finite for |t| < b.

DISCI'ete Case: m(t) — E (ety) - Zy etyp(y) def’'n of expected value of discrete RV
H . _ tY\ _ [® t
Continuous Case: m(t) = E (') = [0 eYf(y)dy
def'n of expected value of continuous RV

So, what's the big deal about E (ef¥)?

How do we get the moments E(Y*) from E (ef¥)?
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Moment Generating Function: A Closer Look At E (ety)

MGF: m(t) = E (e'Y)
Question: How does the mean, the variance, the skewness, the
kurtosis, and other higher moments appear from E (ety)?
» Taylor series expansion of etY
ty t?2y?  3y3

Y14
+1'+ 2! * 3!

+ ...

» MGF is the expectation of eY: (alternative formulation)

tE(Y)

m(t):E(etY)zlJr +t2E(Y2)+t3E(Y3)+t4E(Y4)+
1!

2! 3! 41

The kth moment is the COEFFICIENT of %k,
> E(Y) is the coefficient of
» E(Y?) is the coefficient of 5—2,
» E(Y?3) is the coefficient of §—3|
> E(Y*) is the coefficient of %
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Moment Generating Function: Obtaining E(Y)

MGF is the expectation of the Taylor series expansion of etY:
(alternative formulation)

m(t) = E (ety) 14 tEl([Y) n t E2(!Y ) n t E?E!Y ) n t ELY )

mean E(Y) < 1st moment < Ist derivative of m(t) at t = 0
» Taking the 1st derivative of m(t) with respect to t:

dm(t)  , .
- =m'(t)=E(Y)+

> Setting t = 0:

2tE(Y?)  3t2E(Y?) | 4PE(Y?)
7T TR S TR

+ ...

dm(t) , 2(0)E(Y?) | 3(02E(Y?) , 4(0)°E(Y*)
= = E(Y
dt ‘t:o m(0) T T T
= E(Y).
(cont'd next slide...)
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Moment Generating Function: Obtaining E(Y?)

(alternative formulation)

m(t) =

1! 2! 3! 41

E(Y?) < 2nd moment < 2nd derivative of m(t) at t = 0
» Taking the 2nd derivative of m(t) with respect to t:

MGF is the expectation of the Taylor series expansion of etY:

£ (ety) 14 tE(Y) N t?E(Y?) N PE(Y?) N tE(Y?Y) N

d [dm(t)\ _ d,, _d 2tE(Y?)  3t2E(Y?)  43E(YY)
dt{ dt S dt {m'(0)} = dt {E(Y)+ /TR TR Y
d’m(t) o 3(2tE(Y?)  4(3)FPE(Y?Y)
> Setting t = 0:
mt)|  _ oy 2y, 3(2)(0)E(Y®) | 4(3)(0)*E(Y*)
g2 | =m0 = E(¥V)+ 3l + 4 +...
= E(Y?).
(cont'd next slide...)
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Moment Generating Function: Obtaining E(Y?)

MGF is the expectation of the Taylor series expansion of etY:
(alternative formulation)

tE(Y) tPE(Y?) | £E(Y?)  t'E(YY)
T R A TR Y

E(Y3) < 3rd moment < 3rd derivative of m(t) at t = 0
» Taking the 3rd derivative of m(t) with respect to t:

m(t)=E (ety) =1+

d (d?°m d " d s 3(2)tE(Y?3 A3V 2E(Y*
R B L

dt
d*m(t) 4(3)(2)tE(Y*)
dts 4
> Setting t = 0:
d3m(t)
dt3

= m®t)=E(Y?)+

4B3)(2)(0E(Y?)

t=0 41
= E(Y?).

(cont'd next slide...)
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Moment Generating Function: Obtaining E(Y*)

MGF is the expectation of the Taylor series expansion of etY:
(alternative formulation)
tE(Y) | £PE(Y?)  PE(Y?) | t'E(YY)

1! + 2! + 3! + 41 +

m(t) = E (ety) =1+

E(Y*) < 4th moment < 4th derivative of m(t) at t = 0
> Taking the 4th derivative of m(t) with respect to t:

i{d3m(t)} _ %{m@)(t)}:i{E(Y3)+w+---}

dt dt3 dt 41
4
d(’j’;ft) = m(e) = E(Y*) +...

> Setting t = 0:

d*m(t)

- =mM(0) = E(Y*).

t=0
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Moment Generating Function

If m(t) exists, then for any positive integer k,

= m{(0) = E(Y¥) = p.

t=0

dkm(t)‘
dik
In other words, the kth moment of a random variable is the kth derivative
of its moment generating function with respect to t and evaluated at 0.
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Moment Generating Function: Importance of MGFs

WAIT... but we can calculate moments using the definition of
expected value...

> Discrete Case: E(Y*) =37 y*p(y)
> Continuous Case: E(Y*) = [* ykf(y)dy
Why do we need MGFs exactly? For easier computations

%e YIP, y >0

0, elsewhere.

Example: Exponential Distribution ror m/)f{
» Deriving the MGF:

m(t) = E(e) = / efo(y)dy:/o efY%e*y/de

1 /oo —y/B+ty 1 /OO 7y(l7t)
= - e dy = — e B d_y Note: *
B Jo B Jo

oo
1
= % —71 eiy(/?it) :% 1 = 1 /B .
1 1 — pt
(5-1) 0 (5-1)
*1/8 — t must be positive for this integral to converge = 1/f >0=t<1/B.
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Moment Generating Function: Importance of MGFs

Why do we need MGFs exactly? For easier computations

Example: Exponential Distribution ror m/)f{%“‘ 75y >0

0, elsewhere.
> MGF: m(t) = %

_ _ B
m’(t) - % (1—1ﬁt - (1-pBt)?

_ _ _ (B)f20-8t)(B)} _ 2(8*-8’
m(t) = ${m' ()} = & { (T | = BLLCN _ 2750
2 53

mO(e) = 4 (m'(0) = 4 {550}
(1=pt)*(=26%)— 2(62 B*t)(=48)(1—Bt)*

1-pt)s
Which one is easier to compute?

Using MGF Using PDF
(derivatives) (integrals)

E(Y) | m'(0)=p fooo y%e*y/ﬂdy
ECV2) | m'(0) =287 | Jo°y*Le V7dy
E(Y3) | m®0)=68 | [["y 31e yIBdy
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Moment Generating Function

Example 1:
A random variable X has the MGF m(t) = {1, defined for any t < 1.
What is P(X < 1)?

Solution:
In Slides 21 & 22, we know that the MGF of an exponential RV is
m(t) = ﬁ

Matchingithe MGF of an exponential RV to the MGF above, we
realize that X is an exponential RV with § = 1.
Computing P(X < 1):

1
P(X < ].) — / f(X)dX probability = area under the PDF

—0o0
1
—x 1 5
= / e dX exponential PDF: f(y) = —e™ ” fory >0
3
0

= (e M)|g=1-et.

0
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Moment Generating Function

Example 2:
Consider a random variable X has PMF

f(x) x=2,3,4,...

= 3—X7
©® Find the MGF of X.

Solution:

m(t) = E(e™) = > e"f(x)= Ze”% =6 (%t)

t
e

sum of geometric series with common ratio 0 < — < 1.
3
3

€ 2t 2t
_ <\ e 3 _ 2e
= 6(3—3et>6(g)(3_et)3_et’ t < log(3).

The restriction t < log(3) is required in order for the infinite geometric sum to converge.
Remember common ratio must be 0 < %t <1l=0<e'<3=-c0<t<log3). O
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Moment Generating Function

Example 2:
Consider a random variable X has PMF

Fx) =50 x=23,4,...
® Find E(X).
Solution:
m(t) = 32%2; o Pt )
m(e) = (3—ef)?3e2_f;§f2f(—ef)
e =m0 = Boe e SR )

Mean is the first derivative of MGF evaluated at t = 0
(3-1)4-2(-1)  (24+2_ 10 _5
BG-1?2 2 a1 7

O
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Moment Generating Function

Example 3:
The random variable Y has MGF

m(t) = 0.13 + 0.3 4 0.5e! + 0.1.
® Find the PMF of Y.

Solution:
Matching the MGF formula to the MGF above:

m(t) = E () = X2, e%p(y)

/// \\\<

m(t) = 0.1e3{+ 0.3e%t +0.5e" +0.1¢”
0.1, ify=0,
Therefore, p(y) = 82: ::i z ;:
0.1, ify=3.
Mary Lai Salvafia, Ph.D. UConn STAT 3375Q Tt i MEdemEie) SEisies | Lo 12
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Moment Generating Function
Example 3:
The random variable Y has MGF
m(t) = 0.13 + 0.3 4 0.5e* + 0.1.

O Find E(Y).

Solution:

m'(t) = 0.1(3)e3 +0.3(2)e* + 0.5¢"
E(Y)=m'(0) = 0.3e3% +0.6e*% +0.5¢°
Mean is the first derivative of MGF evaluated at t = 0

= 1.4

O
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Moment Generating Function

Example 3:
The random variable Y has MGF

m(t) = 0.13 + 0.3 4 0.5e* + 0.1.

® Find V(Y).
Solution:
m'(t) = 0.1(3)e* +0.3(2)e** + 0.5¢*
m’(t) = 0.1(3)(3)e3 + 0.3(2)(2)e*" + 0.5¢"
E(Y?)=m"(0) = 0.9¢3% 412620 4 0.5¢°
E(Yz) is the 2nd derivative of MGF evaluated at t = 0

= 26.
V(Y) = E(Y?) = {E(Y)}? wrnotvarionce

= 2.6—1.4°=0.64

O
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MGFs of Discrete Distributions
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MGF: Bernoulli

PMF: p(y) =p*(1—p)'™, vy =0.1.
MGF: m(t)=E (™) = > eYp(y)
y

= ¢"%p(0) + € p(1)

= (1-p)+ pe'.

Mean or Expected Value: m'(t) = pe’.
E(Y) = m'(0)=p.

Variance: m(t) = pe’.
E(Y?) = m"(0)=p.

V(Y) = E(Y))—{E()}*=p—p*=p(1-p).
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MGF: Binomial

PMF: p(y) = (;) pY(1—p)" Y, y=0.1,. .. .n

ﬁ%:: E(e) = Zetyp Vio e” (;) p(L-p)"
= (pe'+1—p)".

noo,
N\ Ly n—y
Binomial Theorem: (a + b)" Z <£/) a'b"

Mean or Expected Value: m'(t) = n(pet +1— p)"~1(pet).

E(Y) m'(0) = np.
Variance:
m'(t) = n(n—1)(pe’ +1— p)"*(pe")* + n(pe + 1 — p)"~*(pe’).
E(Y?) m”(0) = n(n — 1)p* + np.

V(Y) = E(Y?)—{E(Y)}* = n(n—1)p* + np — (np)* = np(1 — p).
Mary Lai Salvafia, Ph.D. UConn STAT 3375Q Introduction to Mathematical Statistics | Lec 14
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MGF: Geometric

PMF: p(y)=(1—p) ip,y =1,2,. ...

MGF: m(t) = E (%) = X3, eply) = 7, (1 — p)' p
=pe' 32 eI —p) Tt = pe' o {e'(1—-p) !
= petm. sum of geometric series with ratio 0 < ef(1 — p) < 1

Mean or Expected Value:

m(t) = {1—e'(1—p)}(pe’) — pe'{—e'(1—p)} _ pe
{1—ef(1-p)p2 i-e-pF
- moy=P_1
EY) = m(©)=25=".
Vari ;
) = AL (=P (pe) — (pe)2{1 — (1= p)H-e'(1 = p)}

{t—e(t1-p)}*

3 3 2 3 2
2 " p>—2p’ +2p —p +2p
E(Y?) = m'(0)= o = o .
3 2 3 2 2
2 2 —Pp +2p 1 —p+2p°—p
viy) = EY)H{EMW)}Y =—p——5=—""3—"—
p p
_ P(l-p) _1-p
- p4 - p2 :
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MGF: Poisson

PMF: p(y) = 57e™, v = 0,1,2,... and A > 0.
MGF oo

Ao
m(t)=E (ety) = Zetyp(y) = Z eV e A
y y=o ¥
_an (e - A
= = e
_ e)\(et—l)
Mean or Expected Value: m'(t) = M=)\ et
E(Y) = m'(0)= A\
Variance:
m//(t) _ eA(et—l)()\et)2+e)\(et—l))\et'

E(Y?) = m"(0) =X+
V(Y) = E(Y)—{E()}P=X+A-X =)
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MGFs of Continuous Distributions
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MGF: Uniform

1
PDF: f(y) = { o 1Sy <02
0, elsewhere
MGF: o0 02 1
m(t) = E (ety) = / e¥f(y)dy = / e¥ —dy
S o 0o — 01
1 ety 16, 1 et92 _ et6’1
92—91T91_02—91 t
t, to,
(S — €
= £ T txo.
1.'(92 — 91)
_ . et@z_etel T 0 ) ) o
If t — O, t!l_% m — t!Lr;fg) 6 (indeterminate form, Apply L’'Hospital’s Rule)
. et@z_etel T 926t92_916t91 .
=N ) = w1

Therefore, the MGF of Y ~ U(61,62) is

etbo _atf] .
o) ift#£0

Mary Lai Salvafia, Ph.D.
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1
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MGF: Uniform (cont'd)

otto_otoy .
MGF: m(t) = { @) TEFO

1 if t=0.

Mean or Expected Value:

t(92 — 91)(926t92 — Hletel) — (et92 — etel)(gg — 91)

() = (16— 01))2

t(92et92 _ Hletel) _ (et92 _ et91)
t2(02 — 91)

E( Y) - I”Tz) m/(t) == % (indeterminate form, Apply L’'Hospital’s Rule)
t—
N E(Y) — Iim (026192 —01et91)+t(03et92 —02et91)— (0,612 —0; £101)

t—0 2t(02—01)

— i t(02etP2—02et%1) I 03et%2 0291 0302

=M TG0y T (T T 2000 T 2(0:-61)

_ (02—01)(02461) _ 62+6;

= T 20-01)  — 2 -
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MGF: Uniform (cont'd)

MGEF: t05 _ t0 .
m(t) = ef(92—691)1 , ift#0
1 if t =0.

, B t(92et927elet91)7(et0276t01) . . )
m (t) = t2(92—01) (derived in the previous slide)

It is quite lengthy to keep computing the derivatives!
.. k
Alt. approach: remember that the moments are the coefficients of %

2 2 3 3
m(t) — 1+ (Y) + t E(Y ) “I— t E:)E'Y ) + . Recall from Slide 15 the alternative formulation of MGF
— to t0 ’
m(t) = ﬂ92 ) (e 2 —-e 1)
6 t2 033
(02 01) {1 + 92t + %7' + e Taylor's expansion of et?2

033
(1 + 91t + + 3' —|— . ) } Taylor's expansion of etf1

_ 1 2 2\ t2 3 3\ £
il (= 91){(92 —01)1r + (92 —00) 5+ (0 —0)5 +- - }
_ (03-07) + | (03-07) ¢
1+ 12‘+(92—91)§+”'
k+1 k+1
k 1 0,7 —06]
Therefore, E(Y") = 57 25—
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MGF: Uniform (cont'd)

MGF: thy _ ot01 .
m(t) = EEf(ezfeel) , 0
1 if t=0.
k+1_ pk+1
E( Yk) — k—]|-—]. % (derived in the previous slide)
Variance:
E( Y2) = 1(93 — 0%) = (92 — 01)(0% + 9201 + 9%) diff. of two cubes
3 (6> — 1) 3(6, — 01)
_ 54060167
a 3

V(Y) = E(Y?)—{E(V)}

03 + 0201 + 02 0, + 61 2
o (o2
(62 — 6:1)°

- Y~ . See Lec 10, Slide 14 for complete derivation

12
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MGF: Standard Normal

22
PDF: qb(z)z%efT, —00 < z< 00
MGF:
o © 1 2
m(t) = E (%) = / eZp(z)dz = e e 7dz
(t) = £ (e) ez = | e

t2 o0
= 97
2
= e7(1)
t2
= ez,

Mary Lai Salvafia, Ph.D. UConn STAT 3375Q

21 — % (z2-2tz)

(z—t)

(0]
N

Gaussian PDF integrates to 1

Introduction to Mathematical Statistics | Lec 14

dZ multiply a factor of 1

dZ This is the N'(p = t, o2 = 1) PDF
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MGF: Standard Normal (cont'd)

Z2
PDF: ¢(z) = \/%677,
MGF: m(t) = eL
Mean or Expected Value:
Variance: m'(t) =
E(Z%) =
v(z) =

Mary Lai Salvafia, Ph.D.

UConn STAT 3375Q

—x0<z< o0

2

m(t) = tez.

E(Z) = m'(0)=0.
2 2

e% + t2e%

m"(0) = 1.

E(Z®)—{E(2)}*=1+0%>=1.

Introduction to Mathematical Statistics | Lec 14
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MGF: Normal (Gaussian) — Preliminaries

Theorem: MGF of a Linear Transformation
For any constants a and b, the MGF of the random variable aX + b is

b

max+b(t) =@ tmx(at)

Proof:
maX+b(t) = E {et(ax+b)} def'n of MGF
- F (etaXetb)
= eth <etax> expected value of a scaled random variable

= etbmx(at). def'n of MGF
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MGF: Normal (Gaussian)

Suppose Y ~ N (p, 0?).

Since Y = 0Z + p, where Z is a standard normal RV, by the
preceeding theorem, its MGF is given by:

my(t) - maz+u(t) Standard normal linear transformation
- e”tmz(at) Theorem: myx 4 p(t) bt my (at)
¢ (@? P
= eMlte MGF of standard normal: m(t) = e 2.
2.2
ot
= e‘ut+ 2
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MGF: Normal (Gaussian)

Note that we have not yet proved that the mean of a Gaussian

random variable is indeed p and that the variance is 2.
(y u
_ [ 1 o o |
E(Y) f_oo y\/ﬁ dy (direct integration is lengthy!)
(y u
2y _ [ 2 1 . . L |
E(Y?) f—ooy \/T 2 dy  (direct integration is lengthy!)

O'2t2
MGF: ettt =2~ (derived in the previous slide)
Mean or Expected Value:

, X N
m'(t) = pet't 2 4 o%te T = (u+o%t) ettt
E(Y) = m(0)=

Variance: 2.2 5 0242

m'(t) = o%efMt T 4 (1 + 02t) ettt
522
= {02 + (p+ Ugt)z} ettt
E(Y?) = m"(0)=0?+ p?

V(Y) = E(Y?)—{E(Y)} =0+ 42 — i? = o2,
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MGF: Exponential

1.-y/B >0
PDF: f(y)=4{5° 7
0, elsewhere.

MGF m(t) - 1%&, t < %, (Derived in Slide 21)
Mean or Expected Value:

B

(1-pt)>
E(Y) = m/(0)=8.

Variance:

/! d / d

) = o m(t)}:dt{(l_ﬁﬁt)z}

()20 -BO(A)} 25— 1)
A—peF (1= ey

E(Y?) = m"(0)=23%

V(Y) = E(Y?)—{E(Y)}2 =28% — 32 = &2
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MGF: Gamma

PDF: f(y) = Sty 0y S
0, elsewhere;
MGF: 0o 0o a1 —
m(t) = E(e”) :/_Oo e*yf(y)dy:/0 ety%dy
= ,Bar;(a)/ooo e*y(%*f)yafldy
o oiterd r(“’)/o <)1r() /ey

multiply a factor of 1

- ﬁ‘*l(a) (1 fﬁt) F(a)/ W e/ () tay

Bt

= ¥(1), PDF of Gam (u

(1 po)e
provided 1 — ft > 0=t < %

) integrates to 1
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MGF: Gamma (cont'd)

PDF: f(y) =

ERNC))

a—lg—y/B
¥7 0 S y S 0,
0, elsewhere;

. _ 1 1
MGF m(t)— m, t < B
Mean or Expected Value:

m

d

(1) = —{(1-pt)""=—a(l - Bt) * 7 (-p).

dt

E(Y) = m'(0)=ab.

Variance:

m//( t)

E(Y?)
V(Y)

Mary Lai Salvafia, Ph.D.

d_, . d e

= i} = 2 {-alt- 5" (-0)}
= —a(—a—1)(1 - Bt)2(=p)(-B)

— m"(0) = a(l + )8

= E(Y?) — {E(V)} = a1 + a) 8 — ®F = a .
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Questions?

Mary Lai Salvafia, Ph.D.
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Homework Exercises: 4.139, 4.141, 4.142, 4.143, 4.181
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