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Problem 1
Suppose P(A) > 0 and P(B) > 0. Prove that if P(A|B) > P(A) then P(B|A) > P(B). (20
points)

Solution:
P(A|B) > P(A) (given)
P(ANB) , anditi -
P(—B) P(A) (defn of conditional prob)
P(B|A)P(A) _ P(AnB)
“rm MW PTG
P(B|A)P(A
% P(B) (sign of inequality does not flip since P(A) and P(B) are positive)

= P(B|A) > P(B) cancel P(A) in numerator and denominator
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Problem 2
Let P(A) = 0.3 and P(B) = 0.6.

a) Find P(AU B) when A and B are independent. (6 points)
b) Find P(A|B) when A and B are independent. (7 points)
¢) Find P(A|B) when A and B are mutually exclusive. (7 points)

Solution:

a) P(AUB) = P(A)+ P(B) — P(AN B) (additive law of probability)
— 0.3+ 0.6 P(A)P(B)
=0.9—(0.3)(0.6)
=0.9-0.18
=0.72

b) P(A|B) = B = HAEEDE (total probability: P(A) = P(AN B) + P(AN B))

_ 0.3—P(A)P(B)
= 1-0.6
0.3—(0.3)(0.6)
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Problem 3
Five cards are dealt at random and without replacement from a standard deck of 52 cards.
Note that there are 13 heart cards in the deck.

a) What is the probability that the hand contains 5 hearts? (6 points)
b) What is the probability that the hand contains at least 4 hearts? (7 points)

c¢) What is the probability that the hand contains 5 hearts if it is known that the hand
contains at least 4 hearts? (7 points)

Solution:

the number of ways to select 5 cards: 55
13

the number of ways to select 5 hearts: 5

the number of ways to select 4 hearts and one other card: (143 319)

Suppose H is the event of picking a heart card and O is the event of picking a card that is not a
heart.

1ﬂ
5
= 1287 — (). 000495.

59 2598960
)

a) P(H1H2H3H4H5> = (

(13) (39) (13)
4 1)\ 5
b) P(H,H,H3H,05 U HH,H;H,H;) = — (MOENHIBT _ (5 0172,

52 2598960
5)

¢) P(H,HyHyHyHs|H, HyHy H,O5 U Hy Hy HyH, Hy)
_ P{HlH2H3H4H5Q(H1H2H3H405UH1H2H3H4H5)}
- P(H1H2H3H4OsUH1HoHs Hy Hs)
_ P{H1HH3H4Hs} __ 0.000495 __ 0.044

0.0112 0.0112
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Problem 4

Assume that an insurance company knows the following probabilities relating to automobile
accidents (where the second column refers to the probability that the policyholder has at least
one accident during the annual policy period):

Age of | Probability of | Fraction of Company’s
Driver Accident Insured Drivers
16-25 0.05 0.10

26-50 0.02 0.55

51-65 0.03 0.20

66-90 0.04 0.15

A randomly selected driver from the company’s insured drivers has an accident. What is the
probability that the driver is in the 16-25 age group? (20 points)

Solution:
Define the following events:

Ry = “ages 16-25,”
Ry = “ages 26-50,”
R3; = ‘ages 51-65,”
Ry = ‘“ages 66-90.”

We are given the probabilities of selecting a driver from each category:

Let A be the event that a chosen driver gets in an accident in a given year.
From the table, we know the probabilities:

P(A|Ry) = 0.05, P(A|Rs) =0.02, P(A|Ry)=0.03 and P(A|Ry) = 0.04.
Using Bayes’ rule, we can compute for P(R;|A) as follows:
P(A|Ry)P(R1)
P(A[R1)P(Ry) + P(A|Ry) P(Rp) + P(A|R3) P(R3) + P(A|Ry) P(Ra)

(0.05)(0.10)

(0.05)(0.10) + (0.02)(0.55) + (0.03)(0.2) + (0.04)(0.15)
= 0.179.

P(Rl‘A) =
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Problem 5

A balanced die is thrown 5 times. Let X be the number of times that a number smaller than

3 had shown up.
a) Find the distribution function of X. (10 points)

b) Find the distribution function of Y = 2X — 1. (10 points)

Solution:

a) X is a binomial random variable with n =5 and p = % = %

The probability mass function of X is:

P(X =x)=px) = (i) (%)w (§>5w’ 0<z<H5.

Note: The z values are 0,1, 2, 3,4,5 while the y values are —1

x| p(z) y | py)

0 | 32/243 -1132/243
1] 80/243 1 | 80/243
2 | 80/243 3 | 80/243
3 |40/243 5 | 40/243
4 110/243 7 110/243
5| 1/243 9 | 1/243

-1 <y <09.

)

,1,3,5,7,9.
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Problem 6
If the random variable X has a geometric distribution such that V(X)/E(X) = a, where a > 0.

a) What E(X)? Express your answer in terms of a. (6 points)
b) If a = 1, what is P(X > 4)? (7 points)
¢) If a =1, what is P(X > 7|X > 3)? (7 points)

Solution:

a) e Since X has a geometric distribution, F(X) = ]lj and V(X) = 152, (p is the probability
of success.)

—_p
VX) _ 2 _ 1-p _
* = X — = = a (given)

e Solving for p, we get
=1—-—p=npa
=1=pa+p
=1=pla+1)
=>p= 7

e Solving for E(X), we get
> EX)=1="1 =a+1

a+

1
p

-

b) e Ifa=1, thenp=3.
o P(X >4)=p(5)+p6)+p(7)+...
— 1)4 51 61
=(1=5) G+ =5 G) +0-3)"G)+.
(pmf of geometric distribution: p(x) = (1 — p)*~'p)
5 6 7
() |
(sum of geometric sequence with first term a; = (4)” and common ratio r =

-E -G _gyr-g

1: S: (11)

2 1—r

c) eIfa=1,thenp=1:.

_ P(X>T7and X>3)  P(X>T7)
© PIX>TIX > 3) = =255 T P(X>3)
p(8)+p(9)+p(10)+...

—~ |
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Problem 7

Four busses carrying 148 students arrive at a school.
students.

a) Compute E(X). (10 points)
b) Compute E(Y). (10 points)

The busses carry 40, 33, 25 and 50

A student is selected at random from among the 148. Let X be the number of
students on the bus of the randomly selected student. A random driver (from among the four
drivers) is selected at random. Let Y be the number of students on the bus of the randomly
selected driver.

Solution:

X

p(x)

40

40/148

a) | 33

33/148

25

25,148

20

50,148

E(X) =40 (75%) +33 (&%) +25 (%) +50 (%) ~ 39.28.

Y

p(y)

40

1/4

b) |33

1/1

25

1/4

20

1/4

E(Y)=40 (%) +33(3) +25 (%) +50(3)

37.
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