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Problem 1
Let X have a PDF defined by

o) = {cxe’”, T > 2,

0, elsewhere.

a) Find the constant c.

b) Find P(1 < X < 3).

Solution:
1 = / f(z)dx
—0 Integration by parts:
=1 = c/ xre “dx e u=2x=du=dr
2
oo o dv = e "d; ) = —e %
a) =1 = c(—xe_a:z —/ (—e_x)dx) s aume dr= ‘
- 2 Apply L’Hospital’s rule to evaluate lim —xe™®
=1 = c(2e’2 —e” ) : : R
2 Since lim =% = —=* = lim —ze* =
=1 = ¢ (26_2 + 6_2) . aree | e
Ly lim =F = lim — =0.
= ]_ == 3C€ T—>0C T—>00
= ¢
c = —.
3
b)
3 02
P1<X<3 = / —xe “dx
9 3
o2 . 3
= — | —ze ™| — —e ")dx
(el [ o)
e 3 5 3
= 3 (—36_ +2 " —e z‘2>
02
= 3 (—36_3 +2e 2 —e 3+ 6_2)
02
= 3 (—46_3 + 36_2)
4
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Problem 2
Let X denote a continuous random variable with PDF

f<x):{§, O<zx<4

0, otherwise.

Define Y to be the integer that is closest X.
a) Explain why Y is a discrete random variable and give possible values for Y.

b) Compute the PMF of Y.

Solution:
a) Possible values of Y are 0, 1, 2, 3, and 4. Thus, Y is discrete.

b) To get the PMF, we need to compute the probabilities for each possible values of Y.

PY PO< X " rteyde = T
—0) = PO<X<05)= N ——
(V=0 = PO< )= [ @i =gl -5
1.5 I21'5 9 1 1
P(Y=1 = P0O5<X<15) = de="|"=2__-_=2
(¥ =1) (05 = )= J@dr=1g| =573
25 225 925 9 1
X
PY =2) = P(15< X <25) = do="|"=22_2_°_2
( ) (15 < )= ) J@dr =15 =5 T T
3:5 235 49 25 24 3
A
P(Y =3) = P(25<X <35)= dp=" |7 =222 _ 29
( ) (25 < )= @ =] =6 T T 61 s
4 214 49 15
X
P(Y=4) = PB35<X <4)= de="2| =122 -2
(¥ =4) (85 = ) /3.5"[ (w)dr = 75|, , 64 64

The PMF of Y is

;

1 _
647 Y=
g y=1
Ly =
py) =13 B
] Yy =
15 _
64 Y= 4
0, elsewhere.
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Problem 3
Divide a stick into two parts. Find the probability that the larger part of the stick is at least

three times the shorter.

Solution:

Assume the segment is in the interval (0,1) and let X ~ U(0,1).
Let X be a point in the interval (0, 1) where we break the segment.
Two things can happen:

e Either X <1 - X = X <2 (let this be event E)

N |—=

eor X >1-X = X > 1 (let this be event E»).
We want to find the probability that the longer segment is at least three times the shorter, i.e.,
P(1—-X >3X|E)P(E)) + P{X > 3(1 — X)|E>y} P(Es).
Computing the values of each probabilities, we have

Recall CDF of U(a,b) is F(r) = {=2. Here, v = % a=0,and b=1.

e P(B)=P(X>l=1-PX<l=1-1=1
1 1 1
o P X > 3|y = POTEIRE - PO oy
3 3 _ 3 _3 1
o PLX > 3(1- X B} = HEGE = S5 R gy
Hence,

P(1 - X > 3X|E\)P(Ey) + P{X > 3(1 — X)|Ex} P(Es) = (§> (%) + (%) (%) - %
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Problem 4
Suppose we have the following function:

c(3-v), —1<y<l,
0, elsewhere.

Is this a valid PDF? If not, is there a ¢ for which this becomes a valid PDF?

Solution:

The f(y) above will not make a valid PDF. When ¢ = 0, then it does not integrate to 1. When
¢ # 0, then there is an interval in —1 < y < 1 over which the integral is negative, and therefore
does not represent a valid PDF over this interval.
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Problem 5
Derive the PDF of | X| where X ~ U(—1,1).

Solution:
Since X is uniform on the interval (—1,1), its PDF is:

0, elsewhere.

The PDF of | X| can be derived from its CDF, Fix|(x). For 0 <z <1,

71 1 2 1
Fix (@) = P(X| <) = P(—2 < X <) = / St =il = S(20) =
We can now get the PDF of | X| from the CDF as follows:
1, 0<z <1,

Y

fix|(z) = %FXWL") = {

0, elsewhere.
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