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Problem 1
Let the random variable X have PDF f(z) = 32%(1 — z)? for 0 < z < 1. Find the PDF of
Y = X? using the Jacobian method.

Solution:

e Domainof X: 0 <z <1

e Codomainof Y: 0 <y <1

2

Transformation: h(x) = x

Inverse:
Let y = 2%, To get the inverse, we need to solve for z. Solving for z, we have z = VY-
Therefore, h™'(y) = \/y.

e Jacobian: —dh;;(y) = Ly-1/2
dh=(y)
30 9, 5 1 “1/2
D -y sy
30
= %y(l =2y +y)
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Problem 2
Find a transformation G(U) such that if U has a uniform distribution on (0, 1), then G(U) has
a uniform distribution on (2,4).

Solution:

e Define the new RV: Let X = G(U).

By the probability integral transform theorem, the CDF of X is G~1(z).

We want X to be uniform on (2,4).

This means that the CDF of X has the form G~!(z) = %52
0, I < ()|
Lec 14, Slide 4: CDF of U(a,b) : F(z) = { 2= 0, <z < 65

To solve for the transformation G(U), we need to find the inverse of G~!(z).

—Letu:%’Q.
—Isolatea;:u:%—>2u:x—2—>x:2u+2.

— Therefore, the required transformation of U is G(U) = 2U + 2. O
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Problem 3
Let X; and X5 have the joint PDF

e~(@te2)  for x1 > 0,20 > 0,

0, elsewhere.

Ix1 .5 (21,29) = {

Consider two RVs U; and U, defined in the following manner:

Xy

Ui=X;+ X d Uy= ———.
1 1+ X2 an 2 X, + X,

Find the joint PDF of U; and Us.

Solution:

e Step 1: Identify the transformation. (new RVs = function of original RVs)
Up=X1+ Xy N uy = hi(z1,29) = 71 + 29
X
Uy = X1+1X2 Uz = h2<x1’ 132) - majklm
This means that if 1 > 0,29 > 0, then u; > 0 and 0 < uy < 1.

e Step 2: Deriving the inverse transformations, hy*(uy, up) and hy ' (uy, up).
(original RVs = function of new RVs)
U =X;+ X X, =U, - X: X;=U,-X
1 2 1 1 2 1 1 2

— _X1 T _ X1 T, — _Ui—Xo
U2 X1+ X2 LZ T X1+Xe Lz UL X0+ X

Xlel—XQ XIZUI_XQ
= T Ui —Xo = TTT T = TTT
Uy = 2572 UUs = Uy — Xo Xo = U, — U1 U

Uq

= =
Xo=U; — U U, Xy =U; — U Us.

-1
. . w1 = hy (ug, up) = ugug
Thus, the inverse transformations are 171( 2)
Ty = h2 (ul,u2) = U1 — ULU2.

e Step 3: Obtain the Jacobian of the inverse transformations: o
hz (Ul: Uz) = U — ULU2.

8h;1(u1,u2) Bhfl(ul,uz)
J = |, N e
Ohy " (u1,u2)  Ohy  (u1,u2) 1—u —uy
Oouy Ousa
= {—u2u1 — U1<1 — Ug)} = —U71. Recall determinant of a matrix formula: ad — bc

e Step 4: Apply the formula

—(z1+z2) > >
— (Given) original joint PDF: [x, x,(z1,22) = {e , forzn 20,22 20,

0, elsewhere.

fU1,U2(u1au2) = le.)(g{ 7}7’21(“17112)}|J|

6_( —+u1 11,1“2)|iu1|
= we " up 20, 0<up<1. [

Y
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Problem 4

Let Y1,Y5,...,Y50 ~ U(0,1). Find the mean and variance of the maximum RV, i.e., E{Y5)}
and V{}/(50)}

Solution:
In Lec 20, Slide 21, we found that

Fyisoy (W) = 504",y €[0,1],

which is a Beta(50, 1) distribution, where ae = 50 and 3 = 1.

In Lec 14, Slide 5, we know that the mean and variance of a Beta RV are as follows:

[0
E{Ys0} = P
50
T 50+1
0.98
af
V1Y, =
REY (a+B)2(a+pB+1)
_ (50)(1)
(50 + 1)2(50 + 1 + 1)
50
= ~ 0. 4.
35252 = 0000
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Problem 5 .
Let X1, X2, X3, X4 ~ U(0,5). Find the PDF of X3).

Solution:
e CDF of U(0,5): , 0<x <5
e PDF of 4(0,1): f(x) =21, 0<z<5
e n =14
o k=3
e Use the formula for the PDF of the kth order statistic:

Pro@ = 0 (F21) PP = Fy
=) GIy) -
-1 E -y
=50 (5) (557
-5 (5) (5
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